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On the Bose Gas with Local Mean-Field Interaction
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A Bose gas model is considered where the interaction term is proportional to
the integral over the square of the local particle density. This model exhibits a
phase transition with the same critical behavior as the usual mean-field (imper-
fect) Bose gas, but only generalized condensation may occur, due to boundary
conditions.
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INTRODUCTION

As a very simple interacting Bose gas model the so-called imperfect or
mean-ficld Bose gas has long been investigated '™ and can be said to be
completely known and understood. But this model has one big disadvan-
tage making it inappropriate for modeling real interacting systems: It
ignores the spatial and energetic distribution of the particles. Therefore,
several modifications of the mean-field model have been proposed and
investigated, such as the Huang-Yang-Luttinger model“™® or the van der
Waals limit of a fully interacting Bose gas, which gives, if there is no
external potential, the same pressure as the mean-field model.®®*’

The local mean-field model presented in this paper seems to be close
to the van der Waals limit from the physical point of view: It gives the
same scaled particle density for the ground state, even in the case of a
scaled external potential, as can be shown by a simple variation ansatz
after neglecting the kinetic energy in comparison with potential and inter-
action energy.

However, it requires different mathematical techniques: The local
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mean-field Hamiltonian is defined without a limiting procedure. Further-
more, since the system Hamiltonian commutes with the free Hamiltonian,
it makes sense to compute expectation values of occupation numbers, par-
ticle densities, etc. In particular, it will be demonstrated that there may not
occur Bose condensation (in the usual sense of macroscopic occupation of
the single-particle ground state), but only generalized condensation in the
sense defined in ref. 10.

Throughout this paper, 1 will consider, for the sake of simplicity of
calculations, a Bose gas contained in a d-dimensional (d>3) cubic box
with Dirichlet boundary conditions on two opposite faces and periodic
boundary conditions on the remaining surface. This can be interpreted as
the model of a Bose gas enclosed between two hard walls at macroscopic
distance.

The case of one attractive and one repulsive boundary instead of two
Dirichlet boundaries, as described for the free Bose gas in ref. 11, and the
effect of a scaled external potential (which gives a pressure different from
that of the mean-field model) will be considered in a forthcoming paper.

1. DESCRIPTION OF THE MODEL

Given L>0, denote V,=[—L/2, L/2]1? 'x[0,L]. Let h, be the
one-particle Hamiltonian, acting in the Hilbert space #, =L,(V,). The
Hamiltonian of the free Bose gas is HY =dI'(h,), acting in the symmetric
Fock space

S————

n=1 A
n times

Now let {e,; }rex be the set of eigenvalues of /1, corresponding to the
normalized eigenfunctions {f; ; }rc x < #, and let a(f), a™(f) denote the
usual annihilation and creation operators in 4. We get

0 __
H} = Z Cr 1Mk L

ke K

where n, ; =a*(f,. ) a(f ) is the operator of the number of particles in
the kth eigenstate.
The mean-field (imperfect) Bose gas is given by the Hamiltonian

a :
N3, with a>0, N, =) n,

A=+
L L 2Ld o
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If we introduce the mean particle density operator p, =L ““N,, we can
rewrite the interaction term as faL%7

In the following, we will consider a Bose gas with an interaction term
behaving locally like the mean-field interaction: We introduce the local
particle density operator

pr(x)= Z ]fk,L(x)lznk,L with xelV/,

ke K

and define the Hamiltonian of the local mean-field Bose gas as
0
Hi=H}+3 | pind (1)

If the Hamiltonian of one particle with mass m in the volume V, is
given by h; = —(#*/2m) A with periodic or quasiperiodic boundary condi-
tions, then automatically |f. ,(x)?=L"7 for any k,x, and hence

= f]‘z. However, it does not remain true if other boundary conditions
are posed.

In the present paper, we start from the one-particle Hamiltonian

2
-y @)
2m

on V,, with boundary conditions

f’xdz():frxd:L:O) f xj= —Lj2 fix/ L2
of of

0X)| g —1p2 OX,

(3)

for I=1,.,d—1

X/:L/z,

Under this assumption, we obtain K=79"'xN, e, ,=(2h’n*/mL?)
x (ki o kG +ky/4),

, 2ni .
S (x)=2"2L"" exp [% (kyxi+ - +kg_1 x4 1)] sin (% kdxa'>

=) ekLnkL+2Ld( Z N;L> (4)

ke K ]eN
with

NjoL= Y ML

kek
ka=j
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2. THE GROUND STATE

The main advantage of the model in comparison with the usual mean-
field model can be shown by considering the ground state of the system:
Let p={p,; > be the given mean particle density. The ground state of fl’i
is established if all particles are in the state with index (0,.., 0, 1). This
implies a scaled local particle density {p,(yL)) = 2p sin*(ny,), with ye V.
Obviously, such an essentially inhomogeneous particle distribution is
untypical for real interacting systems. Now we will show that, in the local
mean-field model, in the ground state, {(p,(yL)>—p for L - o and
ye VvV \dV,: Denote by g, the actual occupation number of the kth state
at zero temperature, and let

5= ). Ok

ke K
ka=Jj

Obviously, one has a,=0 if £ 0 [denoting here and in the sequel k' =
(kqs ky_ 1)1 Thus, it remains to solve the extremal value problem

e} hz 71:2]2 [ve)
——%s;+-— Y. §; =minimal
2m L* 7 4L =

Y s=pL?

j=1

j=1

5,20

It is easy to see that the sequence {s;} is monotonically decreasing and
finite. Let J=min{:5,=0}. Now we solve the extremal value problem
J hZ 77:2j2 a J J
— st ) s?—t<z S-—pLd>=minimal
So2m L2 ALY =Y =

where the Lagrange multiplier 7 can be found via the given total particle
number, and J is to be chosen in a way that s, =0 is fulfilled. If L is large,
then it will be sufficient to solve this problem for arbitrary real s; (the
resulting error in the local particle density will become small), which can
be done explicitly. Hence we get approximately

3amL2p 1/3 9(12h27'62p2 1/3
J={ 0 t=

<2h2n2> ’ ( 32mL? )
2Ld< h2 n2j2

t———-—), j<J

a 2m L?

0, else
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The result indicates that macroscopic occupation of any one-particle state
does not occur (the occupation numbers are of order LY~ %?).

Inserting now the result into the formula for the local particle density
and replacing the sum by an integral, we obtain approximately

(polx))=p(14+3q *cos g—3q ’sing)
with
q = (12amnp/h*L)""> x,

For small ¢, the local density behaves asymptotically as (p/10) ¢g>. Since the
characteristic length scale is of order L', we obtain {p,(yL}) —p as
L - oo, for any ye V,\ 0V, which agrees with our intuition.

3. THE GRAND CANONICAL PRESSURE

Given the inverse temperature f=(kyT) ', with ky denoting the

Boltzmann constant and T the temperature, and the chemical potential u,
one can evaluate the grand canonical pressure p®(f, u) via the grand
canonical partition function

Z7(B, u)=Trexp[ —B(HL —pN.)]

as

(B, )= ngnw pe(B, 1)

where p4(8, u)=(BL?) "' In Z%(B, u). In this section, I will show that the
pressure of the local mean-field Bose gas coincides with 54(f, i), the grand
canonical pressure of the mean-field Bose gas, as derived in ref. 3.

Since the interaction term commutes with the free Hamiltonian, we
can use the occupation number representation for the grand canonical
partition function:

2ihw= T on{=f| T ec-me,

ce(Zy)K kekK
a 1z
+a | NP +5 Y s
(32
where the s; are defined as in the previous section, and
N=13 s

J
j=1
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Analogously as in ref 3, let us introduce an arbitrary (energy-valued)
parameter o <0, and get

b= L ew| (VgL )]
xexp{—ﬁ[k;((ek,L J} (5)

On one hand, we have

2

aN L?
2Ld<N2+ Z ) #—Of)N>W—(N—OC)N>“§E(M-0‘)2

and hence we get, as outlined in ref. 3,

d

L
Z4(B, u) <oxp [ﬂz—a (- a)ﬂ 298, 5)

which implies

(u—a)
2a

Jlim sup p3 (B, 1) < p°(B. o) + (6)

Before I continue the calculation of the pressure, I introduce some
notations:

FY(E)=L “card{keK:. e, , <E}

2h2 2 k' 2
F=(E)=L “*'card {k’ezd”:—nl—LsE}

mlL?
FOE) = lim FO(E) = ——— mENT a4 @
(£) ol (E)= F(l/2+1)(2h27t> ’ I ™
1o 1
o 1 dF O(E 8
e e o) Rl ©

for u<0;r=0,1,2;l=d—1,d; and

12
10040 = Jim 19,060 = (=) G Lexp(fu))
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for u< 0, where

F(p)zjowx””e“xdx (p>0)

G,y(z)= Z - lzi<1)

n~1

Finally, we set, for a <0, teZ ,

P 1B o t)= ) CXP[_B > (e(kr,j),L—oc)a}(} 9)

{a’e(Z+)Zd71: ke zd~1

S egd—1 9k =1}
Now it is easy to see that (5) can be rewritten as

fi(ﬂ,u)ﬂXp[%—(ﬂ—aV} S [19.06%s)

se(Z N j=1

xexp[ ﬁzaLd<Ld 'u;a> i } (10)

j*l

In order to estimate this sum from below, we diminish the summation
range, leaving only a finite subset, and replace the items on the remaining
index set by appropriate functions, for the purpose of getting a lower
bound equal to that in (6) for a certain value of the parameter o.

Let 020, x>0,0<y<1,0<i<]1, L>0, Je N, and define

(([x
{[5 L""’]} for 0<j<éL”

M-=< [(1—=2) L T8, a—e ) — 1, (1+4) L4 (11)
x I DB a—ew ) +11nZ, for SL'<j<J
(10} for j>J

with [7] denoting the integer part of z.

For se X_, M; we obtain
L1
(1=2) Y =1V DB, a—eq . )+x+0L™Y)
Jj=16L7]
N
NE

J

1
<(1+4) Y Zl(lf’;l’(ﬁ,oc~e(0,j)’L)+x+O(JL’d)

j=1[éL7]

822/58/5-6-24
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which can be rewritten as

(1= ) I'DB, a)+x+OL"InL)

J d—1
+0 ((Z) e"BE(O,J),L) + O(JLfd)

S%S(l—i—i)lﬂd’(ﬁ, ®)+x+ O(JL™%) (12)

N _ 2 0
R, =sup {(ﬁ_#—ag> cse X Mj}<oo

j=1

Let us denote

Further, we get

12 (s\ _1x° (R 1
=Y <—f> <=L 7+- Y (1441
25\ 29 2, L’

X (I(d‘ DB, “_e(o 0 )

1 x?

A S T ZI(d)
<3% +3 (1+/1) (8,0)
hZ 2
x [0 <ﬂ “— (32L2y2>—l—0(L_1)=:R2 (13)

Hence we have

i (2 nn ) i 5 e

resp.
by 2 1 =®
T [ A N e ey

. 2
[(“ - “) —RI—RZ}w‘z(ﬁ, %)

1 Z ZSEMJ J. L :B o, S
Ld ZseZ+ j,L(ﬁa &, S)

Now let us estimate the sum in (14). For this purpose, split it into four
partial sums: ¥ ,, with j running from 1 to [0L"]; 3,, with j from
[6L"]+1to J —1;Y,, with j between J' and J—1; and, finally, 3’4, with
j=J. The indices J, J' are defined in the following way:

[NSHIRN

(14)
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1
J= mln{JeN LA ﬁ,a—e(o’j),L)s—z—} (15)
IS0, x— e 1) 1
J’:max{jeN: @)L <—} 16
LT, VB a—eq 2 Y

Appropriate estimations of 7\’ " by linear combinations of I,
[<d—1, lead to the inequalities

2 )2 _ 1/2
( Z;: L[oc+ 1ln(cL)]
<J
)12 2 d—1 12
<! ';;Z L[a+ﬁln2+ ; ln(cL)} (17)

with ¢ = [m/(2nph?)]"? and,
(2m)'72 2. 4 d-—1 12
L ZInZ
. [oH—ﬁlnz—i— ; ln(cL)}
<J'

(2m)*> 2 d—
< —
P L[oH—ﬂln/H- 5

for sufficiently large L.
Before we estimate };, >;, and 3 ,, note that &, (B, a, s)>
exp[s[)’(oc—e(o o)1, and
Z @ (B, a, 5) —exp[Ld ll(d “(ﬁ,“—e(o,j),L)]

seZy

1 1/2
ln(cL):l (18)

This implies
[oLi] X,
2= Z {[EL /] Bloe—ew 1)
j=1

— LY V(B a— e(o,j),L)}

ﬁ2 2
> (8L7) % LB <a - ——2:1
A n*x6?

2m

= PaxL?+ o(L9) (19)

L) L ()

= BaxL— LAV-2 _§p@=1(g 5y [4=1+7
0, L
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Further, we have

To= Y AL B a—eo 1)}
i=J
Z (=L e~ exp[ (o — e(o,j)!L)]}[lJrO(L‘l)]
j=J
ﬁz 2
>~ L% [+ 0(L™! { exp[ ( 2:; fﬂdy
1
zexp[ﬂ e(OJ)L)J}
@m” S
= — L4 [1+O(L™ { ?
[1+0(L7H] A (hznz/Zm)(J/L)ze 2\/;
1
—exp[ﬁ(ot €0, L)]}
d-—1 —1 (zm)l/z ﬁznz J ? m
> — L M1+ 0(L )J{ P e"p[ﬁ“_ 2m (Z> }hn(J/L)
1
-exp[ﬂ(fx e(OJ)L)]}

2 3/2
—(%+1)[1+0(L‘1)]=0(1) (20)

(with ¢ as above), due to (15), and

$,=Y {m[ T @, (5 a,s)]

j=J seM;
~ LI G D(B, o — e(o,,-),L)](

2 (=T {Ble—en )1 +2) LB a—e,1)
xIn[22L T, V(B o —e o ,1)]
— LGV (B o —eq 1)}

— O(L(ln L)"?) (21)

due to (15)-(18). Finally, note that

P(M)= Y &,,(Bos / Y @8 a5)

seM seZ
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is a probability measure on 7, with expectation value L4~'[{¢ 1
(B,a—ey ) and variance LY 'Y, V(B a—eq ;). Assumption (16)
and the Tchebyshev inequality imply that

J—1 I¢, V(B a—eq, L)
Z N ln{l_ _ 2L L 0./) }
2 Z L? llz[lfL DB, o — 6’(0,,‘),L)]2

J= 6L + 1
> —d2 I?E jil 1 I;d‘:)(ﬁ o — 6(0_/) L) . (22)
L4 j=[5L‘/‘]+1 [( (B, x— €. ,.)]

Now we fix a value E, > (A°n?/2m) 62L* ~2 in such a way that, for E> E,,

1¥, 9B, 0—E) 3
[I(d U(ﬁ,OC—E)]zSEC dexp[ﬁ(E——a)]

(with ¢ as above), and split the sum in (22) into two parts, where e ; ,
is greater (resp. less) than or equal to E,. In the L — oo limit, both parts
tend to Riemann integrals; the first is finite for o <0 [with an upper bound
of O(L' ") independent of «]; the second one can be estimated using the
inequality

t 1
By? B2
edy<—e
fo Y pt

(cf. ref. 12), which gives a bound of O(L9~!(In L)~ '?). Thus we get
Y,=0(L(In L)~'?) (23)

Inserting (19)-(21) and (23) into (14), we obtain

pith >4 (L22) Ry R | ok 0w 4 s 24)

If u<ap(B)=al'®B,0), we choose « such that
p—a=al (B, ) (25)
and set x =0, 6 =0. This implies [using (12) and (17)]

u—
a

'NL"— oc/ SAMO(B,2)+O(L" ' In L)

and hence

lim R, <A*[p.(B)]?

L -
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From (13), we conclude that

lim R,=0 (26)

L—
Since A can be chosen arbitrarily small, we obtain

(u—a)?
2a

lim inf p4 (B, u)> p°(B, )+
L — o0

and, together with (6),

P61 =)+ L2

where o satisfies (25).
Now suppose u = ap (). We choose some 6 >0, a <0 and set

x=pla—p.(p)
From (12) and (17) we get

’NL*"—M—;—%\ <}tpc(ﬁ)—g+ O(L" 'InL)

and hence
o 2
lim Rls[ipcw)——]
L— a

Furthermore, (26) remains true. Choosing now A and —« arbitrarily small,
we obtain from (24) and (6)

2

P(B, w)= p°(,0)+5-
a

which coincides with the pressure of the imperfect Bose gas outlined in
refs. 3 and 4.

This implies that such quantities as the mean energy density or the
mean kinetic energy density will also coincide with the corresponding
values for the mean-field model. Since the kinetic energy density attains its
maximal value (for given f) at the critical density p.(f), while the total
energy density continues to increase with increasing mean particle density,
the further growth of the total energy density is caused by a macroscopic
amount of particles with almost zero kinetic energy, which do not con-
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tribute to the mean kinetic energy density, i.e., there occurs Bose condensa-
tion in the generalized sense, as defined in ref. 10. On the other hand,
macroscopic occupation of any single-particle state would give rise [cf.
(4)] to a macroscopic variation of the mean interaction energy density
with respect to the corresponding value for the mean-field model, hence
condensation cannot occur in the usual understanding of the macroscopic
occupation of some single-particle state.
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